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~F = m~a, ~F =−GMm
r2 ~nr. (1)

�ÄþÅð

~L = m~r×~v,
d~L
dt

= 0, ~L⊥~v, ~L⊥~r. (2)
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~R =
~p×~L
GMm

−~r
r

=
c
a
,

d~R
dt

= 0. (3)
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~r ·~R =
L2

GMm2 − r = rRcosθ , r =
L2

GMm2

1+Rcosθ
(4)
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∂

∂ t
|ψ〉= H|ψ〉, H =

1
2m

p2 +V, (5)

þfåÆXÚ�é¡ö�(ëY)

UHU† = H, ⇔ [U,H] = 0. (6)
H|φ〉= E|φ〉, ⇒ HU|φ〉= EU|φ〉. (7)

e|〈φ |U|φ〉| 6= 1,KU|φ〉´�|φ〉{¿��"
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(1) U2U1HU†
1U†

2 = H,

(2) (U1U2)U3 = U1(U2U3),
(3) IHI† = H,

(4) UU† = U†U = I.
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U(~θ) = exp(−i~Ω ·~θ), ~Ω = i∂~θ U(~θ)|~θ=0, (8)

é´'X[Ωk,Ωj]L�
+U(~θ). ö�U(~θ)eHØC§~Ω�Åðþ

[U(~θ),H] = 0 ⇔ [~Ω,H] = 0. (9)

[Ωk,Ωj]L«TXÚ�é¡+"

~µSO(3)+§n��m=Äé¡��ÄþÅð

~L = i∂~θ R(~θ)|~θ=0, [Li,Lj] = iεijkLk, i, j,k = 1,2,3. (10)
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H =
p2

2m
− k

r
(11)

�Äþ���-d]¥þÅð

~L =~r×~p,

~R =
1

2mk
(~p×~L−~L×~p)−~r

r
,

[~L,H] = 0, [~R,H] = 0. (12)
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Åðþ�é´'X

[Li,Lj] = iεijkLk,

[Li,Rj] = iεijkRk, (13)

[Ri,Rj] = i
−2H
mk2 εijkLk,

Ù¥i, j,k = 1,2,3"
�{'�/ª

~A = [
−2H
mk2 ]−

1
2~R (14)

[Li,Lj] = iεijkLk, [Li,Aj] = iεijkAk, [Ai,Aj] = iεijkLk. (15)
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o��m=Ä

ü�=Äµ��)¤�L12.

n�=Äµn�)¤�L12 = L3,L23 = L1,L31 = L2.

o�=Äµ8�)¤�Lij, i 6= j, i, j = 1,2,3,4.
Ù¥?Àü�§7�é�1n��§��¤n��m�=Ä

~µ�F1 = L13,F2 = L34,KF3 = L41

[Fi,Fj] = iεijkFk, i, j,k = 1,2,3.

(Øµ��fäko�^=é¡5§=SO(4).

ÄåÆé¡5
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~I = (~L+~A)/2, ~K = (~L−~A)/2, (16)
[Ii, Ij] = iεijkIk, [Ki,Kj] = iεijkKk, [Ii,Kj] = 0. (17)

ÙkÜ���Î

~I2 = ~K2 =
1
4
[
− mk2

2H
−1

]
= j(j+1), (18)

Ù¥j = 0,1/2,1,3/2...
��M�îþ���

H =− k2

2n2 M, n = 2j+1 = 1,2,3... (19)
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Dynamical symmetry of Dirac hydrogen atom with spin
symmetry and its connection with Ginocchio.s oscillator
F.-L. Zhang, B. Fu, J.-L. Chen, Physical Review A 78 (2008)
040101(R).
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H = ~α ·~p+βm. (20)

�Äþ

[~J,H] = 0, ~J =~L+~S, (21)
[~L,H] 6= 0, [~S,H] 6= 0, (22)

~L =
[
~r×~p 0

0 ~r×~p

]
, ~S =

[~σ
2 0
0 ~σ

2

]
, (23)
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��fg^;�ÍÜ
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H = ~α ·~p+βm− k
r
. (24)

g^;�ÍÜ

H ∼~L ·~S (25)

SO(4)ÄåÆé¡5�»�§U?ò{¿§��°[(�"
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HI ~ L × S
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g^é¡Spin Symmetry

g^é¡�DiracM�îþ

H = ~α ·~p+βm+(1+β )
V(r)

2
, (26)

Åð�;��g^�Äþ[~̃S,H] = 0, [~̃L,H] = 0

~̃L =
[
~r×~p 0

0 Up~r×~pU†
p

]
, ~̃S =

[
~σ
2 0
0 Up

~σ
2 U†

p

]
, (27)

Ù¥Up = U†
p = ~σ ·~p

p ,~J =~̃L+~̃S.

éu

~̃SéHvkK�§́ Ä�V(r) = −k
r �EkSO(4)ÄåÆé¡5º
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éA��-d]¥þ�Åðþ

b�Ù/ª

Q =
[

Q11 Q12~σ ·~p
~σ ·~pQ21 ~σ ·~pQ22~σ ·~p

]
. (28)

�¦§Åð[Q,H] = 0

Q12 = Q21,

[Q11,V(r)]+ [Q12,p2] = 0, (29)
[Q12,V(r)]+ [Q22,p2] = 0,

Q11 = Q12(2m+V(r))+Q22p2.

��Åðþ

~Q =

[
2m~R+ k~r

r2 (−~r
r )~σ ·~p

~σ ·~p(−~r
r ) ~σ ·~p(1

k
~f
p2 )~σ ·~p

]
. (30)
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Åðþ�é´'X

Åðþ�é´'X

[L̃i, L̃j] = iεijkL̃k,

[L̃i,Qj] = iεijkQk, (31)

[Qi,Qj] = i
−4
k2 (H2−M2)εijkL̃k,

Ù¥i, j,k = 1,2,3"
�{'�/ª

~A = [
−4
k2 (H2−M2)]−

1
2~Q (32)

[L̃i, L̃j] = iεijkL̃k, [L̃i,Aj] = iεijkAk, [Ai,Aj] = iεijkL̃k. (33)
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~I = (~̃L+~A)/2, ~K = (~̃L−~A)/2, (34)
[Ii, Ij] = iεijkIk, [Ki,Kj] = iεijkKk, [Ii,Kj] = 0. (35)

ÙkÜ���Î

~I2 = ~K2 =
1
4
[
− k2

4
H +M
H−M

−1
]
= j(j+1), (36)

Ù¥j = 0,1/2,1,3/2...
��M�îþ���

E± =
±4n2− k2

4n2 + k2 M, n = 2j+1 = 1,2,3... (37)
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äkg^é¡5�DiracM�îþ§�Ù³U�¥Õ³�§
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|^Té¡5�^�ê�{¦)U?E± = ±4n2−k2

4n2+k2 m"
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Dynamical symmetry of Dirac hydrogen atom with spin
symmetry and its connection with Ginocchio.s oscillator
F.-L. Zhang, B. Fu, J.-L. Chen, Physical Review A 78 (2008)
040101(R).
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Dynamical symmetries of 2D systems in relativistic quantum
mechanics
F.-L. Zhang, C. Song, J.-L. Chen, Annals of Physics (N. Y.) 324
(2009) 173-177.
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³U��¥%é¡�Smorodinsky-Winternitz³,
V = 1

2 r2 + k
x2

2
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